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Introduction
Electromagnetic scattering from metallic nanometer-scale particles is currently a topic of huge interest, which is being investigated both theoretically and experimentally for the purpose of understanding the underlying physics and investigate novel near-and far-field effects that could be exploited in a broad variety of applications ranging from novel nanooptical devices for optical communications [1] to energy harvesting [2] and optical biosensors with enhanced sensitivity [3, 4] . The vast majority of these studies are performed on noblemetal nanostructures and are focused on the effects on the scattered field due to the nanoconfinement of electric fields caused by the excitation of localized plasmon resonances (LPRs) in single nanoparticles, which are collective oscillations of free conductive electron plasma resonantly excited by the electric field of the impinging light.
More recently, the research efforts moved to the study of magnetoplasmonic nanostructures, viz., nanostructures that combine magnetic and plasmonic functionalities [5, 6] , since they could be the building block of a new class of magnetically controllable optical nanodevices for future biotechnological and optoelectronic applications. This new research direction has brought forward numerous studies of the effects arising from the mutual interplay between magneto-optical (MO) activity and light-matter coupling in spatially confined geometries [7] [8] [9] [10] [11] . Since plasma oscillations in ferromagnetic materials typically exhibit a stronger damping than in noble metals [12] , a common strategy to overcome this excess damping was to develop hybrid structures consisting of noble metals and ferromagnetic materials, where the noble metal increases the plasmonic response [13] [14] [15] [16] [17] [18] .
However, very recently, it was shown how the concerted action of LPRs in single nanoparticles and magnetization can be exploited to actively manipulate the reflected light's polarization (i.e., to induce and control Kerr rotation/ellipticity reversal) of pure ferromagnetic nanostructures beyond what is offered by intrinsic material properties [11] . While most of the investigations carried out before were focused on the achievement of substantial enhancement of magneto-optical Kerr effect (MOKE) or Faraday rotation [19] [20] [21] [22] [23] [24] [25] , [11] shifted the paradigm of research on magnetoplasmonic functional materials by exploiting the phase tunability of the optical polarizability due to the excitation of LPRs in single nanoparticles and the simultaneous presence of magneto-optical activity in the same ferromagnetic nanostructures. Bonanni et al. showed that anisotropic polarizability of the nanostructures due to their shape (circular and elliptical nanodisks) is one of the key parameters and, together with their size and MO properties, affects their magneto-optical response.
Driven by this recent turn of the research direction in pure ferromagnetic plasmonic nanoparticles, we describe here a formalism to compute the polarizability, as well as far-field MO spectra, of large magnetic ellipsoidal nanoelements, i.e., exceeding the Rayleigh limit (electrostatic regime [26, 27] ). We demonstrate that our approach can be applied to real samples of optically non-interacting flat disks with circular and elliptical sections, and size up to a few hundred nanometers. This is a particular relevant case since for disk-shaped magnetic nanostructures in this range of size, LPRs in single nanoparticles fall in the visible spectral region [11, 12] .
The problem of the light scattering from a general ellipsoid was treated by Stevenson in the early 50s [28] and in the 80s by Meier, Wokaun, and Liao using a Long Wavelength Approximation (LWA) for isotropic nanoparticles exceeding the Rayleigh limit [29] [30] [31] and recently solved analytically by Moroz for the computation of the polarizability of nonmagnetic spheroidal particles (oblate and prolate ellipsoids) [32] . The optical response of bianisotropic ellipsoids has been already addressed by Lakhtakia [33, 34] .
The aim of this work is to determine the optical response of a generalized ellipsoid including also the optical anisotropy arising from the magneto-optical properties of a magnetic material. To this purpose we extend the LWA method, and provide the relevant guidelines of how to compute in a simple way the polarizability tensor of a magnetic nanoellipsoid including radiative, static, and dynamic depolarization factors. We show that the latter is the key factor accounting for the role of the shape and size of the single nanoparticle in determining its optical and MO responses when its dimensions become comparable to the wavelength of the impinging light. In this case the quasi-static (or electrostatic) approximation normally used is no more valid and consequently one has to consider also field retardation effects and energy losses occurring inside the nanoparticle. This knowledge is crucial in magnetoplasmonic devices design, since it enables the accurate control of the position of the LPRs and its dependence on the particle orientation with respect to the oscillation direction of the electric field of the impinging light. We also show that the excitation of a LPR strongly affects the MO activity of the particle. For the calculation of the far-field optical and MO spectral responses we first employ the polarizability of a single nanoparticle computed with our approach in a standard effective medium approximation (EMA) [35, 36] , used to model the ensemble of optically non-interacting magnetic ellipsoidal particles embedded in a medium as an effective composite film. Then we apply the Transfer Matrix Method (TMM) [37] [38] [39] , for the calculation of the optical and magneto-optical farfield responses of multi-layered systems, viz., in our case, the effective magnetic film, calculated with the EMA on a glass substrate. Finally, we compare the results of our modelling against the experimental far-field optical and MO spectra, the latter measured in the Polar-MOKE (P-MOKE) configuration from Ni nanodisks, made with Hole-Mask Colloidal Lithography technique [40] . The disks have diameters in the 100 nm range, with circular and elliptical sections, and are distributed on a glass substrate with an average interparticle distance exceeding 1.5 times the diameter, viz., they do not optically interact. The excellent agreement obtained between calculated and measured spectra using the sizes and densities of the disks determined by scanning electron microscopy (SEM) imaging of the samples and the optical and MO constants of glass and Ni taken from the literature, viz., without adjustable parameters, indicates that in spite of its apparent simplicity, modelling of disks by generalized ellipsoids captures the essential physics of the interplay between magneto-optical activity and light-matter coupling in such spatially confined geometries. Besides the physics relevance of this result, on a more practical footing, we provide the continuously growing magnetoplasmonic community of an approximate method, which is sufficiently accurate for optical non-interacting nanoparticles and it can be used in alternative to more accurate and exact numerical approaches as the Discrete Dipole Approximation 
Theory
To obtain the polarizability tensor α  of a general ellipsoidal magnetic nanoparticle with semi-axes a x , a y and a z (see Fig. 1 ), let's consider the particle embedded in a non-magnetic host medium described by a diagonal dielectric tensor 1 
, where I  is the identity matrix. 
Scheme of a general ellipsoid embedded in a non-magnetic host medium. The ellipsoid is under the influence of an acting field E1, and, due to the induced dipole moments, the electric field E2 inside it changes.
Given the magnetic character of the nanoparticle, its dielectric susceptibility tensor, in the presence of an external magnetic field high enough to saturate the particle magnetization, presents non-diagonal components. Let's consider an incident plane electromagnetic wave ( )
E r E impinging on the particle. Following [30, 32] , we initially neglect the space variation of E(r, t) over the nanoparticle volume, viz.,
Under this assumption and through the weak Eshelby conjecture, the internal field E 2 and therefore the induced polarization P can be assumed uniform over the volume of a particle of ellipsoidal shape [46] . Following Bragg and Pippard [47] we can write:
where the polarizability α  can be obtained once the depolarization field E d is determined.
Strictly speaking, Eq. (1) is valid only for very small ellipsoidal particles, for which the the external field can be assumed uniform. According to Meier and Wokaun [30] and using Eq.
(1), the finite size of the particle can be approximately accounted for in the calculation of E d . This is done by assigning a dipole moment dp = PdV to each volume element dV of the ellipsoid and calculating the retarded depolarization field dE d generated by dp in the center of such an ellipsoid [48] . Passing in spherical coordinates and integrating over all the particle volume we obtain the following expression [32] :
being k the light wave vector modulus, r the distance from the center of the ellipsoid, and û the unit vector having the direction of r. The depolarization field E d in the center of the ellipsoid given by Eq. (2) is assumed to be the average depolarization field inside the particle. The first term in the integral in Eq. (2) corresponds to the static depolarization due to a uniform E 1 and accounts for the shape of the nanoparticle. This term is the only one usually considered for cases in which the wavelength of the impinging light λ is much larger than the characteristic dimensions of the nanoparticle (Rayleigh scattering limit, known also as quasistatic or electrostatic regime). The second term is the radiative reaction due to the recoil force, known also as the Abraham-Lorentz force, acting on an oscillating dipole emitting electromagnetic radiation [29] . The integration of this term is straightforward and yields to i(2/3)k 3 VP. The third term in the integral is the so called dynamic depolarization and arises from de-phasing of the radiation emitted by different points in the ellipsoid. This term is considered negligible, and therefore normally discarded, for particles size in the Rayleigh (electrostatic) regime ( r λ  and r ξ  , where r is the radius or any semi-axis of the ellipsoid and ξ is the skin depth). However, considering this term for larger particles, whose characteristic dimensions are no longer in the Rayleigh regime as those we aim at dealing with in this work, is of key importance. The inclusion of this term complicates substantially the calculation of the integral in Eq. (2) . It can be shown that Eq. (2) can be cast in the following, most convenient, tensorial form by factorizing out the polarization P:
where
are the static and dynamic geometrical tensors, and V = [(4π/3)a x a y a z ] is the particle volume.
The static tensor has been calculated in many previous works [50-54]. As stated above, this tensor is related to the shape of the ellipsoids with semi-axes a x , a y and a z and its elements can be calculated as follows [55] ( ) ( ) ( )
where i = x, y, z with j,k ≠ i, and L ij = 0 if i ≠ j. The integrals in Eq. (4) have to be computed numerically for a general magnetic ellipsoids. The second term in the expression of E d , the radiative reaction tensor 3 ( / 6 ) i k π  VI , within our approximation is determined only by the time variation of the electric field and is simply proportional to the volume V of the particle. The third term is the most complicated to calculate and its explicit expression has been derived, in the LWA framework, only for the particular cases of a sphere [30] as well as of prolate and oblate spheroids [32] , since only in these cases it admit an analytical solution. In the more general case treated here, the diagonal elements of this tensor have to be calculated numerically. In order to facilitate the implementation of such calculations, we devised their expressions in cylindrical coordinates: 
The integrals in Eqs. (4) and (5) The semi-axis a x is fixed to 1 for simplicity. The color scale presents the D i or the L i term value. The continuous and dashed green and blue lines correspond to the particular cases of prolate and oblate spheroid, respectively. With the value 0 representing the absence of eccentricity, it is easy to see that the origin of coordinates corresponds to the perfect sphere, for which all D i values are equal to 1.
To check the accuracy of the numerical calculations, in Fig. 3 we plot the behavior of the dynamical and static factors for particular ellipsoid transformations, namely, the cases of prolate and oblate spheroids. In this way we can make a direct comparison to the analytical results derived by Moroz for these two particular cases (see Fig. 2 of [32] .). The comparison shows that our calculations reproduce exactly the analytical results obtained by Moroz [56] . It can be also noted that the dependence of the dynamic depolarization factors on the eccentricity of the ellipsoid along any of the principal axes is not linear. This has a direct repercussion on the shift of the wavelength position of the nanoparticle plasmon resonance changing its size and shape. Once the depolarization field E d is calculated including the static, dynamic and radiative corrections, it is straightforward to obtain the polarizability of a nanoparticle from Eq. (1) [57]:
This expression derived here is similar to that found in other studies, like [58] , but with the particularity of being rigorously tensorial. In this form Eq. (6) can be applied also to calculate the MO response of a general ellipsoidal magnetic particle by using the appropriate antisymmetric tensor 2 ε . From Eq. (6) one can now apply any suitable method, appropriate for the particular case under consideration, to obtain the far-fields and, consequently, the MO response of an ensemble of ellipsoidal nanoparticles.
Since we aim at comparing the predictions of our approach with experiments preformed on samples where the nanoparticles are distributed with a low concentration (up to 15% and so they are optically non-interacting) over a glass substrate, we decided to use the MaxwellGarnett (MG) Effective Medium Approximation (EMA) [59, 60] for such a calculation. This method models the nanoparticles in the embedding medium, a mix of air and glass in our case, as a homogeneous film described by an effective dielectric tensor. This approximation is known to provide an accurate description of the reflected field if the nanoparticles are small compared to the wavelength of the incoming light, and do not interact among each other. The formalism to obtain such effective dielectric tensor of a magneto-optically active system follows that developed by Abe and Suwa [61, 62] and is based on the earliest works of Hui and Stroud [63] and Xia, Hui and Stroud [64] . In the case of non-spheroidal elements, we furthermore consider the particles all oriented in the same spatial direction, as they actually are in our samples. Then, following [62] and using Eq. (6), the effective dielectric permittivity tensor is obtained as:
In order to address the relevance of the dynamic terms in Eq. (7) we consider a system of Ni spheres embedded in air. , for a system of Ni spheres with r = 20 nm embedded in air, and for different concentrations in the range up to 15%. As it can be seen the relative change due to the inclusion of the dynamic terms is substantially independent of the particles filling factor, in this range of concentrations. It is clear that for larger particles, as those studied in this work, the dynamic terms play a crucial role. Their relevance in determining the MO response of the magnetoplasmonic systems investigated here will be discussed in the next section.
The last step is to add the glass under-layer and compute the far-field magneto-optical response of the obtained by-layers system using the TMM [37-39], which can generate the reflection and transmission matrices for an arbitrary multilayered system.
Comparison with experiments
In this section we compare the theoretical results obtained using our implementation of the LWA method, extended to a general ellipsoid and including MO coupling and the dynamic depolarization term in the polarizability. In order to test our methodology we compare its predictions against the experimental absorption and P-MOKE [65] spectra measured from two types of magnetoplasmonic systems: a set of two samples comprising Ni circular disks of two different diameters (100 and 160 nm), and a sample of Ni disks with elliptical section (inplane axes of 100 and 160 nm), distributed on a 1 mm thick glass substrate. The samples were grown using the Hole Colloidal Mask Lithography technique [40] . The disks are 30 nm thick for all samples considered and, in the elliptical case, they have the same in-plane orientation. The sizes of the disks are selected to have LPRs in the visible spectral range. In the calculation presented in this section the disks are approximated by oblate ellipsoids and use the disk semi-axes in nm, viz., a x = a y = D/2 and a z = t/2, where D and t are the diameter and the thickness of the disks, respectively (for the case of elliptical disks the in-plane dimensions are a x = D x /2 and a y = D y /2). Note that, since we are in the P-MOKE configuration considering the light impinging perpendicular to the sample surface, i.e., along the z-direction parallel to the disks short axis, the only off-diagonal elements different from zero within the dielectric tensor of the single nanoparticle 2 ε are 2 z iQ m ε ± . We start by looking at the set of circular disks of two different diameters. Scanning Electron Microscopy (SEM) investigations of portions of the samples (Fig. 5(a) for D = 100 nm and Fig. 5(b) for D = 160 nm) show that the real diameters of the circular disks for the two samples are D = 95 ± 9 nm and, respectively, D = 160 ± 4 nm. For the embedding medium we use a refractive index n = 1.125 [66] . The filling factor can be estimated to be around 13% in both cases. Experimental (c) and calculated (d) absorption spectra, defined as 1 -T, where T = It/I0. In the inset it is shown the extinction efficiency Qext calculated using the imaginary part of the polarizability tensor elements related to the two directions considered.
Figure 5(c) shows the measured absorption spectra (I 0 -I t )/ I 0 of the two sets of Ni circular disks, where I 0 is the intensity of the impinging light and I t the intensity of the transmitted light. The light was linearly polarized and the measurements were repeated rotating the polarization direction by π/2 to rule out the presence of optical anisotropy. In Fig. 5(d) we plot the theoretical absorption spectra, obtained using the scattering coefficients calculated with the TMM, viz., 1-T, where T is |t ss | 2 or |t pp | 2 (with t ss(pp) = E t s(p) /E i s(p) , the ratio between the transmitted and incident electric fields), depending on the polarization state of the impinging light. The measured and the calculated spectra are in good agreement. The inset in Fig. 5(d) shows the extinction efficiency of a single nanoparticle embedded in air ( ) [67, 68] , with i = x, y, using the polarizability tensor elements related to the in-plane axes. It can be seen that the Q ext for the single nanoparticle has a peak due to the excitation of a LPR, which red-shifts increasing the particle volume and whose spectral position coincides with that observed in the measured and calculated absorption spectra. Based on these results we can state that the peak observed in the measured absorption spectra is due to a LPR in the individual nanoparticle, and then any other optical effect, like intrinsic electrostatic resonances [69, 70] , can be ruled out. We used the experimentally determined average diameter values to set the length of the semi-axes in the calculations. The calculated spectra agree very well with the measured ones, showing both the characteristic LSPR peak as well as the expected red-shift of the peak position with increasing disk diameter.
We now turn to the magneto-optical response of these disks. We carried out P-MOKE measurements at normal incidence in the visible spectral region, from 440 nm to 750 nm, measuring the complex Kerr angle ϑ = θ + iε, where θ is the Kerr rotation and ε the Kerr ellipticity. An ultra-broadband supercontinuum radiation source coupled with an acoustooptic tunable filter to get monochromatic light, with a resolution of 5 nm, is used. At each wavelength we induced the magnetic saturation of the nanodisks along two opposite directions perpendicular to the sample surface (z-axis) using an external field |H z | > |H s | ~2 kOe. The experimental angles θ' and ε' were measured using the polarization modulation technique [71] , which allows the simultaneous measurement of the two Kerr angle components using a photo-elastic modulator and two lock-in amplifiers, one for each component. The Kerr angle components θ and ε are extracted as follows: 2θ = θ'(H > H s ) -θ'(H < -H s ) and 2ε = ε'(H > H s ) -ε'(H < -H s ). The experimentally retrieved θ and ε are plotted in Fig. 6(a) for the D = 100 nm sample and Fig. 6(b) for the D = 160 nm samples. In both cases, we present the results for p and s linear polarization states of the incident light. As expected by symmetry, two orthogonal polarizations are equivalent for a circular sample for the experimental geometry utilized here. Indeed, the two experimental spectra recorded with the two polarizations are almost identical. The most salient feature in both sets of spectra is the Kerr ellipticity sign reversal at a wavelength of ~510 nm for the 100 nm diameter disks and of ~690 nm for the 160 nm ones, at which a Kerr rotation maximum is observed, as expected, according to the Kramers-Kronig relations. Comparing to the absorption spectra shown in Figs. 5(c) and 5(d) we note that these features in the Kerr spectra are linked to the excitation of a LSPR in the corresponding set of disks. Indeed, such features are not observed in the P-MOKE spectra of a continuous Ni film, as shown in inset in Fig. 6 (f) and therefore they are not due to intrinsic properties of the material. An even more striking evidence is the remarkable agreement between the values of θ and ε found from the experimental measurements (Figs. 6(a) and 6(b) ) and the calculated values (Figs. 6(c) and 6(d)) using dielectric optical and MO susceptibilities data sets taken from literature [72, 73] . It is worthy to point out that the agreement is obtained without the need of any adjustable parameters. Not solely the spectral shape of θ and ε is reproduced with a good accuracy, e.g. the wavelength at which ε changes its sign, but also their absolute values are in quantitative agreement with the experimental data. We conjecture here that the key factor responsible for this surprisingly good agreement between calculated and experimental spectra is the inclusion of the dynamic depolarization term in the polarizability tensor. To prove this, we repeat the calculation of the MOKE spectra shown in Figs. 6(c) and 6(d) including only the contributions to the polarizability due to static and radiative losses, as done so far in the literature for magnetic nanoparticles (see [61, 62, 74] .). The result of these calculations is shown in Fig. 6 (e) for D = 100 nm and in Fig.  6 (f) for D = 160 nm, from which it can be clearly evinced that now the calculated spectra fail to reproduce the features observed in the experiments. This demonstrates, together with the results shown in Figs. 4(a)-4(d) , the crucial role of the dynamic depolarization term in order to properly account for both the optical and MO response of dispersed and randomly distributed mixture of non-interacting nanoparticles. Many magnetoplasmonic nanostructures, which belong to this category of systems, are of current and future interest, hence making this formalism a suitable way to describe them.
In order to test the applicability of the method presented in this work to the case of particles with lower symmetry than spheres and disks, we applied our methodology also to the more general case of Ni disks having elliptical section, approximated to general ellipsoids. Their in-plane dimensions are 160 ± 9 nm (major axis) and 100 ± 8 nm (minor axis). A SEM image of a portion of the sample is shown in Fig. 7(a) , where it can be also seen that in this case the filling factor is much lower, around 2%. This particles concentration substantially lower than that of the previous samples is accidental and due to the fact that the technique used for the samples nanofabrication does not allow for a very precise control of the filling factor for diluted samples. The absorption spectra of the elliptical disks for the case of linearly polarized light with electric field oscillation direction parallel to the two in-plane principal axes of the elliptical particles are plotted in Fig. 7(b) (experiments) and Fig. 7(c) (calculations) . Even in this sample there is a clear evidence of LSPR excitations, although the corresponding absorption peaks are broader than those of the corresponding circular disks, indicating a substantial distribution of particle size in this sample. As expected the LSPR for E parallel to the major axis is red-shifted with respect to the orthogonal polarization state. The agreement between the experimental and calculated spectral positions of the LSPRs is rather good. The comparison between the experimental and calculated P-MOKE spectra is shown in Figs. 8(a) and 8(b) , respectively. It is worth noting that the agreement between the results of our modeling approach and the experiments is again remarkable, in particular is much better than the agreement between the calculated and experimental absorption spectra, as if the P-MOKE measurements were less sensitive to the distribution of particles size. Our calculations reproduce also the slightly different offset in wavelength (≈20 nm) between the ellipticity sign reversal and the rotation maximum observed experimentally upon crossing the polarization of the incoming light.
Conclusions
We developed a semi-analytic approach to compute the polarizability tensor of ferromagnetic ellipsoidal particles. Our approach, based on the Long Wavelength Approximation developed by Meier, Wokaun and Liao, has been extended to general ellipsoidal particles a x ≠ a y ≠a z , with a x , a y and a z the semi-axes of the ellipsoid, including also magneto-optical coupling and dynamic depolarization corrections to account for particles size. The dynamic depolarization corrections are essential in order to well reproduce the experimental spectra, given that the typical sizes of ferromagnetic nanostructures used in most of the experiments conducted in the visible and near infrared spectrum are in the 100 -300 nm range, viz., exceeding the Rayleigh limit. Furthermore, in order to compare our model outputs against real magnetooptical experiments, measured in reflection geometry and using a large number of particles, we calculated reflectivity spectra using a Maxwell-Garnett Effective Medium Approximation combined with the Transfer Matrix Method. To investigate the prediction of our model, we performed a side-to-side comparison between our calculations and magneto-optical spectra measured in polar configuration on nickel nanodisks deposited on a glass substrate with circular and elliptical shape and sizes of 100 and 160 nm. The disks were modeled as ellipsoids for which the polarizability tensor was computed using our approach. Such disks support localized plasmon resonances in the visible spectrum region, which in turn are responsible for salient spectral features in the magneto-optical spectra. The calculations performed with our formalism are in excellent quantitative agreement with the experimental measurement, with no other parameters than material dielectric optical and magneto-optical constants (taken from literature), and nanostructure sizes and shapes (experimentally determined). We also demonstrated the fundamental role of the dynamic depolarization term when the nanostructure size beyond the Rayleigh limit. This term, often neglected in most of literature magneto-optical studies so far, has to be included in order to obtain realistic approximation of the experimental evidence. Finally, these results demonstrate that our approach, in spite of its approximations, captures the essential physics of the interplay between magneto-optical activity and excitation of localized plasmon resonances in single magnetic nanostructures, optically non-interacting, of broad fundamental and practical interest. For disk-shaped nanostructures, for which our results show that their approximation to ellipsoids works remarkably well, our methodology is accurate and provides an easy alternative to numerical simulations, at least for the case of optical non-interacting magnetoplasmonic particles.
